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Abstract
A group G is called subgroup conjugacy separable if for every pair of
non-conjugate finitely generated subgroups of G, there exists a finite quo-
tient of G where the images of these subgroups are not conjugate. We prove
that limit groups are subgroup conjugacy separable. We also prove this prop-
erty for one relator groups of the form R = 〈a1, ..., an |W n〉with n > |W |.
The property is also proved for virtual retracts (equivalently for quasiconvex
subgroups) of hyperbolic virtually special groups.
1 Introduction
O. Bogopolski and F. Grunewald [6] recently introduced the important notion of
subgroup conjugacy separability for a group G. A group G is said to be sub-
group conjugacy separable if for every pair of non-conjugate finitely generated
subgroups H and K of G, there exists a finite quotient of G where the images
of these subgroups are not conjugate. They proved that free groups and the fun-
damental groups of finite trees of finite groups subject to a certain normalizer
condition, are subgroup conjugacy separable. For finitely generated virtually free
groups the result was proved in [8]. Also, O. Bogopolski and K-U. Bux in [5]
proved that surface groups are conjugacy subgroup separable.
Surface groups belong to the class of limit groups, the object of extensive study
in the last few decades due to the fact that they play a key role in the solution of
the Tarski problem.
Our main result generalizes the result of Bogopolski and Bux.
* Both authors were supported by CNPq.
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Theorem 1.1. Let G be a limit group. Then G is subgroup conjugacy separable.
Bogopolski and Grunewald in their paper used also a notion of into conjugacy
separability. A subgroup H of a group G is called into conjugacy separable if
for every finitely generated subgroup K not conjugate into H there exists a finite
quotient of G where the image of K is not conjugate into the image of H . In this
paper we do not need to ask for K to be finitely generated. So changing slightly
the definition of Bogopolski-Grunewald we say that a subgroup H of a group G is
into conjugacy distinguished if for subgroup K not conjugate into H there exists
a finite quotient of G where the image of K is not conjugate into the image of
H . In terms of the profinite completion it reads as follows: H is into conjugacy
distinguished if every subgroup K of G, the closure K is conjugate into H in Ĝ if
and only if K is conjugate into H in G. We show in the paper that every finitely
generated subgroup of a limit group is into conjugacy distinguished.
The methods of the proof are based on the paper [17] of Ribes an the second
author on groups whose finitely generated subgroup are conjugacy distinguished.
In particular, we use ideas of Section 3 from that paper, where the virtual retract
property plays a crucial role.
This allows to extend Theorem 1.1 to virtual retracts of hyperbolic groups with
conjugacy separable finite index subgroups.
Theorem 1.2. Let G be a hyperbolic group such that every finite index subgroup
of G is conjugacy separable and let H be a virtual retract of G. Then H is into
conjugacy distinguished. In particular G is a virtual retracts subgroup conjugacy
separable.
A group G is called virtually special if there exists a special compact cube
complex X having a finite index subgroup of G as its fundamental group (see
[21] for definition of special cube complex). Virtually special groups own its
importance to Daniel Wise who proved in [21] that 1-relator groups with torsion
are virtually special, answering positively a question of Gilbert Baumslag who
asked in [3] whether this groups are residually finite. In fact, many groups of
geometric origin are virtually special: the fundamental group of a hyperbolic 3-
manifold (Agol [1]), small cancellation groups (a combination of [21] and [1])
and hyperbolic Coxeter groups (Haglund and Wise [10]) are virtually special.
Moreover, Haglung and Wise in [11] showed that quasiconvex subgroups of a
virtually special hyperbolic group G (i.e., a subgroups that represents a quasicon-
vex subset in the set of vertices of the Cayley graph of G) are virtual retracts of G.
Thus the next theorem applies in particular to this important class of subgroups.
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Theorem 1.3. Let G be a hyperbolic virtually special group and let H be a qua-
siconvex subgroup of G. Then H is into conjugacy distinguished. In particular G
is quasiconvex subgroup conjugacy separable.
As an application of it we obtain
Theorem 1.4. Let R = 〈a1, ..., an | W n〉 be a one relator group with n > |W |.
Then every finitely generated subgroup H of R is into conjugacy distinguished
and R is subgroup conjugacy separable.
After this paper was submitted Bogopolski and Bux put the paper [5] into
arxiv, where they gave independent prove of Theorems 1.2 and 1.3 in [5, Lemma
6.2 and Corollary C] for torsion free groups. Our methods allow us to avoid the
assumption of torsion freeness. In particular, the case of small cancelation groups
groups with finite C ′(1/6) or C ′(1/4) − T (4) presentations is covered by our
results.
We finish the paper showing that a direct product of two free groups is not
subgroup conjugacy separable (see Section 3).
Proposition 1.5. A direct product F2 × F2 of two free groups of rank 2 is not
subgroup conjugacy separable.
Acknowledgements: We thank Ashot Minasyan for conversations on the sub-
ject.
2 Proofs
A subgroup H of a group G is called a virtual retract if H is a semidirect factor
(retract) of some finite index subgroup of G. A group G is called hereditarily
conjugacy separable if every finite index subgroup of G is conjugacy separable.
Lemma 2.1. Let G be a group, U a finite index conjugacy separable subgroup of
G and H is a rectract of U . Let K be a subgroup of G such that Kγ ≤ H for
some γ ∈ Ĝ and k be an element of K. Then there are G-conjugates H ′ and K ′
of H and K respectively, such that (K ′)γ′ ≤ H ′ for some γ′ ∈ CU(k). Moreover,
if CG(k) is virtually cyclic and U is hereditarily conjugacy separable, then the γ′
can be achieved to be in 〈k〉.
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Proof. We shall replace H,K by their conjugates in G and change γ correspond-
ingly until we achieve the statement of the lemma holding for them; thus the final
H and K will be our H ′ and L′ of the statement.
Note first that G is residually finite, since U is, so we can regard G as a dense
subgroup of Ĝ . Since GÛ = Ĝ, replacing K by some conjugate in G we may
assume that γ belongs to Û and K is contained in U , sinceH ≤ U and U is closed
in the profinite topology. By Proposition 7 in [17] H is conjugacy distinguished,
therefore k is conjugated to an element of H in U . Hence, we may assume that k
belongs to H .
Let f : U → H be the epimorphism with the restriction toH being the identity
map and fˆ : Û → H be the continuous extension of it.
We have, kγ ∈ H , so kγ = f̂(kγ) = f(k)f̂(γ) = kf̂(γ) ∈ f̂(H) = H. Hence,
f̂(γ)−1γ ∈ CĜ(k).
Replacing γ by f̂(γ)−1γ we achieve that γ centralizes k.
Note however that if CG(k) is virtually cyclic, the group generated by k has
finite index in CU(k), and since U is hereditarily conjugacy separable by Proposi-
tion 3.2 in [15] CU(k) is dense in CÛ(k). Hence,
〈̂h〉CU(k) = CÛ(k).
It means that conjugating K by an element of CU(k), we may assume that
γ ∈ 〈̂k〉.
Our main tool is the following proposition whose proof uses essentially Propo-
sition 7 in [17].
Proposition 2.2. Let G be a hereditarily conjugacy separable group and H be
a virtual retract of G. Let K be a subgroup of G having an element h such that
CG(h) is virtually cyclic. Then K is conjugate into H in Ĝ if and only if K is
conjugate into H in G. Moreover, if K is closed then K is conjugate to H in Ĝ if
and only if K is conjugate to H in G.
Proof. Suppose Kγ ≤ H, where γ ∈ Ĝ.
By hypothesisH is a virtual retract ofG. So there exist a finite index subgroup
U of G such that H is a retract of U . Then by Lemma 2.1 we may assume that
γ ∈ 〈̂h〉. This implies that K ≤ H, and since by Corollary 3.1.6 (b) [18] H is
closed (i.e. H = H ∩G) we have K ≤ H .
Assuming in addition that Kγ = H and K is closed we have H = H ∩ G =
K ∩G = K that shows the last statement of the proposition.
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Corollary 2.3. LetG be a hereditarily conjugacy separable group andH a finitely
generated subgroup of G. Let U be a finite index subgroup of G such that H ∩ U
is a retract of U . Let K be a subgroup of G having an element h such that CG(hn)
is virtually cyclic for every natural n. Then K is conjugate into H in Ĝ if and
only if K is conjugate into H in G. Moreover, if K is closed then K is conjugate
to H in Ĝ if and only if K is conjugate to H in G.
Proof. Suppose Kγ ≤ H , where γ ∈ Ĝ. By Proposition 2.2 K ∩ U is conjugate
into H ∩U in U so we may assume that K ∩U ≤ H ∩U . Choose natural n such
that hn ∈ K ∩U . By Lemma 2.1 we may assume that γ ∈ 〈̂hn〉. This implies that
K ≤ H , and since H = H ∩ G (indeed, H ∩ U is a retract of U , hence is closed
and so H is closed), we have K ≤ H .
Assuming in addition that Kγ = H and K is closed we have H = H ∩ G =
K ∩G = K that shows the last statement of the corollary.
To apply Proposition 2.2 to limit groups we shall need the following easy
Lemma 2.4. Let G be a finitely generated non-abelian limit group. Then G has
an element whose centralizer is cyclic.
Proof. Let Gn = Gn−1 ∗C A be n-th extension of centralizers (A is free abelian of
rank m) such that G ≤ Gn. Let a, b ∈ G be non-commuting elements of G. Since
Gn is commutative transitive, the centralizer of any element of Gn is free abelian
and if it is non-cyclic it must intersect a conjugate of C by Theorem 14 [19] and
so must be conjugate to A. We need to find an element in G not conjugate to an
element of A. Therefore we may assume that a ∈ Ag, b ∈ Ah, Ag 6= Ah for some
g, h ∈ Gn and in fact conjugating G by g−1 we may assume that a ∈ A. It follows
then from the canonical normal form of ab in Gn that it can not be conjugate to an
element of A in Gn.
Theorem 2.5. Let G be a limit group. Then G is subgroup conjugacy separable.
Moreover, every finitely generated subgroup of G is into conjugacy separable.
Proof. Note first that G is hereditarily conjugacy separable (see Proposition 3.8
in [7]). Let H be a finitely generated subgroup of G. By Theorem B [20] H is a
virtual retract of G. Let K be a finitely generated subgroup such that Kγ ≤ H for
some γ ∈ Ĝ.
We distinguish two cases.
1. K is not abelian. Then by Lemma 2.4 there exists an element k ∈ K whose
centralizer is cyclic and the result follows from Proposition 2.2.
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2. K is abelian. Let k 6= 1 be an element of K. By Lemma 2.1 we may assume
that Kγ ∈ H for some γ ∈ CG(k) and since K ≤ CG(k) ≤ CĜ(k) by commuta-
tive transitivity property we have Kγ = K and so K ≤ H ∩ G = H since H is
closed in G. If Kγ = H then the last formula gives the equality K = H .
Next we apply Corollary 2.3 to important groups of geometric nature.
Theorem 2.6. Let G be a heredetarily conjugacy separable hyperbolic group and
let H be a virtual retract of G. Then H is into conjugacy distinguished. In partic-
ular G is a virtual retract subgroup conjugacy separable.
Proof. Observing that the centralizers of elements of infinite order of G are virtu-
ally cyclic (Proposition 3.5 [2]) one deduces the result from Corollary 2.3.
Proof of Theorem 1.3. By Theorem 1.1 in [16] G is hereditarily conjugacy sep-
arable and by [11] quasiconvex subgroups of G are virtual retracts. So the result
follows from Theorem 2.6.
Theorem 2.7. Let R = 〈a1, ..., an | W n〉 be a one relator group with n > |W |.
Then every finitely generated subgroup H of R is into conjugacy distinguished
and R is subgroup conjugacy separable.
Proof. By Theorem 1.4 in [21] R is hyperbolic virtually special and so every qua-
siconvex subgroup of it is a virtual retract by Proposition 4.3 in [4]. On the other
hand by Theorem 1.2 in [13] every finitely generated subgroup of R is quasicon-
vex. Thus one deduces the result from the previous theorem.
Remark 2.8. Let C be a class of finite groups closed for subgroups, quotients and
extensions. One can define then subgroup C-conjugacy separability and prove the
pro-C version of Proposition 2.2 using Proposition 7 in [17] and Theorem 4.2 in
[9] instead of Proposition 3.2 in [15].
3 Direct product
We show here that a direct product of free groups of rank 2 is not subgroup conju-
gacy separable. It is based on an idea of Michailova combined with observations
of V. Metaftsis and E. Raptis [14].
Consider a finitely presented group H given by G. Higman [12]
H = 〈x1, x2, x3, x4 | r1, r2, r3, r4〉,
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where r1 = x−12 x1x2x−11 , r2 = x−13 x2x3x−12 , r3 = x−14 x3x4x−13 , r4 = x−11 x4x1x−14
and let F4 be the free group on four generators x1, x2, x3, x4.
Clearly, F4 × F ′4 can be considered as a finite index subgroup of F2 × F ′2,
where F2 and ′F ′4 are isomorphic copies of F2 and F ′4 respectively. Since the
induced profinite topology on a finite index subgroup is the full profinite topology,
a subgroup of F4 ×F ′4 is closed in the profinite topology of F4 ×F4 if and only if
it is closed in the profinite topology of F2 × F ′2.
Let LH be the subgroup of F4 × F4 generated by
LH = 〈(xi, xi), (1, ri), i = 1, 2, 3, 4〉.
Then LH ∩ (F4 × {1}) is the normal closure of 〈r1, r2, r3, r4〉 in (F4 × {1}).
So, by Proposition 1 in [14] LH is closed in the profinite topology of F4 × F ′4, if
and only if LH ∩ (F4 × {1}) is closed in the profinite topology of (F4 × {1}) or
equivalently if and only if the group H = 〈x1, x2, x3, x4 | r1, r2, r3, r4〉 is residu-
ally finite. However, G. Higman in [12] proved thatH possesses no proper normal
subgroups of finite index, so LH is not closed in the profinite topology of F4×F ′4.
Consider the closure LH of LH in F4×F ′4. Then LH ∩ (F4×{1}) is a normal
subgroup of F4×{1}, and (F4×{1})/(LH ∩ (F4×{1})) is residually finite. On
the other hand, (F4 × {1})/(LH ∩ (F4 × {1})) is a quotient of H , and H does
not have any finite index normal subgroup, so F4 × {1} = LH ∩ (F4 × {1}),
consequently LH = F4 × F ′4. It means that LH is a dense subgroup of F4 × F ′4.
Now, we show that F4 × F ′4 is not subgroup conjugacy separable. Indeed,
since LH is dense in F4 × F ′4, its image in each finite quotient coincides with the
whole quotient. If LH is not isomorphic to F4×F ′4, then is not conjugate. Thus it
suffices to prove that LH 6∼= F4 × F ′4.
The subgroup LH ∩ (F4×{1}) is an infinitely generated subgroup of F4×F ′4
(since it is normal of infinite index), and it is clear that the centralizer of every
element in F4 × F ′4 is finitely generated. Let (e, 1) be a nontrivial element of
LH ∩ (F4 × {1}). Then
CLH (e, 1) = CLH∩(F4×{1})(e)× (LH ∩ (F4 × {1})),
so the right factor of the centralizer is infinitely generated and hence CLH (e, 1) is
infinitely generated as well. Therefore LH and LH = F4 × F ′4 are not isomorphic
subgroups.
7
References
[1] I. Agol, The virtual Haken conjecture, Doc. Math., 18 (2013) 1045–1087.
With an appendix by Agol, Daniel Groves, and Jason Manning.
[2] J. Alonso, T. Brady, D. Cooper, V. Ferlini, M. Lustig, M. Mihalik, M.
Shapiro, H. Short, Notes on word hyperbolic groups. In: Short, H.B., ed.
Group Theory from a Geometrical Viewpoint, Proc. ICTP Trieste, World
Scientific Publishing Co., Inc., River Edge, NJ, pp. 3-63.
[3] G. Baumslag, Residually finite one-relator groups, Bull. Amer. Math. Soc.
73 (1967) 618–620.
[4] M. Bestvina, Geometric group theory and 3-manifolds hand in hand: the
fulfillment of Thurston’s, Bull. Amer. Math. Soc. 51 (2014) 53–70.
[5] O. Bogopolski and K-U. Bux, Subgroup Conjugacy Separability for Surface
Groups, http://arxiv.org/pdf/1401.6203v1.pdf
[6] O. Bogopolski and F. Grunewald, On subgroup conjugacy separability in the
class of virtually free groups, Max-Planck-Institute of Mathematics Preprint
Series, n. 110 (2010), 18 pages. arXiv:1012.5122.
[7] S. C. Chagas and P. A. Zalesskii, Limit groups are conjugacy separable,
Internat. J. Algebra Comput., 17 (2007), no. 4, 851–857.
[8] S. C. Chagas and P. A. Zalesskii, Subgroup conjugacy separability of free-
by-finite groups. Archiv der Mathematik 104 (2015) 101-109.
[9] M. Ferov, On conjugacy separability of graph products of groups. J. Algebra
447 (2016) 135-182..
[10] F. Haglund and D.T. Wise, Coxeter groups are virtually special, Advances in
Mathematics, 224 (2010) 1890–1903.
[11] F. Haglund and D.T. Wise, Special cube complexes, Geom. Funct. Anal. 17
(2008), no.5, 1551–1620.
[12] G. Higman, A finitely generated infinite simple group, J. London Math. Soc.
26 (1951) 61–64.
8
[13] G. C. Hruska and D. T. Wise, Towers, ladders and the B. B. Newman spelling
theorem, J. Aust. Math. Soc. 71 (2011) 53–69.
[14] V. Metaftsis and E. Raptis, On the profinite topology of right-angled Artin
groups, Journal of Algebra 320 (2008) 1174–1181.
[15] A. Minasyan, Hereditary conjugacy separability of right angled Artin groups
and its applications, Groups Geom. Dyn. 6 (2012) 335–388.
[16] A. Minasyan and P. Zalesskii, Virtually compact special hyperbolic groups
are conjugacy separable. Math. Z. (to appear)
[17] L. Ribes L., P.A. Zalesskii, Conjugacy distinguished subgroups. J. Group
Theory 19 (2016) 477 - 495.
[18] L. Ribes and P. Zalesskii, Profinite Groups, (2nd ed.), Springer, Heidelberg,
2010.
[19] J-P. Serre, Trees, Springer, Heidelberg, 1980.
[20] H. Wilton, Hall’s Theorem for limit groups, GAFA 18 (2008) 271–303.
[21] D. T. Wise, The structure of groups with a quasiconvex hierarchy, Electr.
Res. Announcement in Math. Sci. 16 (2009) 44–55.
Author’s Adresses:
Sheila C. Chagas
Departamento de Matemática,
Universidade de Brasília,
70910-900 Brasília DF,
Brazil
sheila@mat.unb.br
Pavel A. Zalesski
Departamento de Matemática,
Universidade de Brasília,
70910-900 Brasília DF
Brazil
pz@mat.unb.br
9
